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Let A denote a Banach algebra with unit element, e. Let 0 denote 
the set of the complex numbers. For any subset D of 0, M(D, A) or 
shortly M(D) denotes the set of all elements a E A with spectrum a( a) CD. 
M(D) is called the principal extension of D in A. To justify the term 
"extension" we observe that every element !Xe with IX ED is in M(D). 
The notion "principal extension of a holomorphic scalar function" is of 
common use (see e.g. [3] ch. V). If D is an open set then M(D) is the 
domain of the principal extensions of the functions which are locally 
holomorphic on D. Therefore, the principal extensions of open sets occur 
in that kind of Banach algebra function theory where the analytic germs 
are precisely the germs of the principal extensions of holomorphic scalar 
functions. An outline of such a theory is given by DE BRUIJN in [2]. 
In the present paper we discuss only properties of the sets M(D) which 
are consequences of certain properties of D. Although the properties of 
M(D) considered are not of function theoretical nature, arguments 
from De Bruijn's function theory occur in the proof of lemma 4.2 and 
lemma 6.2. 
It is convenient to introduce the following notations. If D C 0 then 
N(D, A) or N(D) denotes the set of elements of A, the spectra of which 
have non-empty intersection with D; thus M(D)=A\N(O\D). If 0 C A 
then a(O) denotes the union of the spectra of all elements of 0. 
l. It is well known that no element of a Banach algebra has an empty 
spectrum ( [3], p. 125). Therefore M(0) = 0. The following properties of 
principal extensions are almost trivial (D, D1. D2, denote subsets of 0). 
M(D1 u D2) ::> M(D1) u M(D2) 
M(D1 n D2)=M(D1) n M(D2). 
M(O)=A. 
a(M(D)) =D; for 0 C A, however, we have M(a(O)) ::> 0. 
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In all cases in which an inclusion occurs, this inclusion can be proper. 
The following lemma is a reformulation of a theorem of Newburgh 
([4], p. 166). 
Lemma 1.1. If Q is an open set, a E A, a(a) C Q, then there exists 
an open neighbourhood 0 of a with a(O) C Q. 
As an immediate consequence we have 
Theorem 1.1. The principal extension of an open set is open. 
The principal extension of a bounded set need not be bounded. For, 
if there exists in A an element b which is unequal to zero and quasi-
nilpotent (i.e. a(b) = {0}), then A.b is also quasi-nilpotent for any A., and 
then the principal extension of any set containing the complex number 0 
contains all A.b. 
The set G of the regular elements is the principal extension of 0\{0}. 
Besides, it should be observed that G is the only multiplicative group 
which is the principal extension of an open set. For, if M(Q) is a group, 
then it is a subgroup of G, so 0 ¢ Q, 1 E Q. Moreover, if IX E Q, then 
IXe E M(Q), and the scalars in a group form itself a subgroup, so Q must 
be an open subgroup of the multiplicative group of the nonzero complex 
numbers. Hence !J=0\{0}. 
2. Extension of the algebra 
Let A1 and A2 be Banach algebras having the same unit e, and satisfying 
A1 C A2. We write a(a, Ai) to denote the spectrum of a with respect 
to the algebra Ai. 
As a(a, A1) ':J a(a, A2) for all a E A1 we have 
M(Q, A1) C (M(Q, A2) n A1); 
as the former inclusion may be proper, the latter may be proper too. 
A set Q is called permanent with respect to A if 
M(Q, A)=M(Q, A2) n A 
for every extension A2 of A having the same unit as A. 0 is trivially 
permanent with respect to every A. If A has the property that for every 
z E A, a(z, A) is nowhere dense then every Q is permanent with respect 
to A (see [3], p. 130, cor. 2). 
Theorem 2.1. Every simply connected domain is permanent with 
respect to every A. 
Proof. Suppose Q is not permanent with respect to some A, then 
there exists an element z E A and an extension A2 of A with the same 
unit, such that 
a(z, A2) C Q; a(z, A)¢ Q. 
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As every boundary point of a(z, A) is also in a(z, A2) (see [3], p. 130) 
the boundary of a(z, A) is a subset of Q. But as Q is simply connected 
this implies that a(z, A) itself is a subset of Q, and this is a contradiction. 
3. Closed sets and strong spectral continuity 
The set of all non-empty compact subsets of 0 becomes a metric spaceD 
if one introduces the Hausdorff-Frechet metric (see [I], p. ll2 sqq.). 
The mapping z ~ a(z) is a mapping of A in D. This mapping is semi-
continuous, by lemma l.l. If it is continuous, we say that A has the 
property of strong spectral continuity (S.S.C.). Commutative algebras 
and matrix algebras have S.S.C. (NEWBURGH [4]); but an example by 
S. Kakutani (given in RICKART [5] p. 282) shows that the algebra of 
all bounded linear operators on a separable Hilbert space lacks S.S.C. 
Theorem 3.1. M(E, A) is closed for every closed subset E of 0 if 
and only if A has S.S.C. 
Proof. Since semi-continuity of the mapping z ~ a(z) holds in every 
Banach algebra, we observe that A has S.S.C. if and only if for any a E A, 
any IX E a(a) and any open neighbourhood Q of IX, there exists an open 
neighbourhood 0 of a such that for any z E 0 we have a(z) II Q =1= 0. 
Therefore A has S.S.C. if and only if N(Q, A) is open for every open 
subset Q of 0. But the latter statement is equivalent with the proposition 
that M(E, A) is closed for every closed subset E of 0. 
4. A theorem concerning the boundary of M(Q) 
From now on we restrict ourselves to open sets in 0. Let Z be the 
set of the topological divisors of zero in A (we use the definition from 
[5] p. 19; so OEZ). Define 
Z(Q)={y+~Xeiy EZ, IX on the boundary of Q}. 
If z E Z(Q) and z=y+~Xe, y E Z, then z-~Xe E Z whence z-~Xe is singular, 
so IX E a(z) and z ¢ M(Q). Therefore Z(Q) II M(Q) = 0. We now give a 
generalization of the well known theorem that every boundary element 
of G is in Z ([3], p. 129). 
Theorem 4.1. If Q is open, then every boundary element of M(Q) 
is in Z(Q). 
The proof of this theorem is a combination of the following two lemmas. 
Lemma 4.1. For every element z on the boundary of M(Q) and every 
complex IX in a(z)\Q we have z-~Xe EZ. 
Proof. If z E M(Q)\M(Q) then z=limn-oo Zn, Zn E M(Q). Now 
Zn- ~Xe E G whereas z -IXe ¢ G, and the lemma is a consequence of the 
theorem on the boundary of G. 
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Lemma 4.2. If Q is open, then for every element z on the boundary 
of M(Q), a(z) has non-empty intersection with the boundary of Q. 
Proof. Let !Jo=C\f:J, then we have to show that M(Q U !Jo)\M(Q) 
is open. The restriction of the characteristic function of !Jo to Q U !Jo 
is locally holomorphic. Its principal extension F is a continuous function 
on M(Qu!Jo); so O={zlF(z)~O} is an open set. By Dunford's spectral 
mapping theorem ([3] p. 171), however, O=M(Q u !Jo)\M(Q). 
5. Convexity 
We start with an example. Let A be the algebra of the 2 x 2 matrices 
with complex elements. Let !J={CIICI <1}. Let a=(g 8), b=(8 ~) then 
a E M(Q), b E JJI(Q), whereas ta + ib rf= M(Q). This example shows that 
for convex Q, M(Q) need not be convex. However, if the algebra has the 
property that for every pair of elements a, b, every A. E(0,1), and every 
y E a(A.a+ (1-A.)b) there exists ex E a( a) and (3 E a(b) such that y=A.cx+ 
+ (1-A.)fJ, then it is trivial that the principal extension of a convex set 
is convex. 
Theorem 5.1. If A is commutative and Q is convex, then M(Q, A) 
is convex. 
Proof. By Gelfand's representation theorem ([3], p. 136) there is a 
homomorphism of A in a space of complex-valued functions on the set im 
of the maximal ideals of A. If x--+ ~ by this homomorphism, then 
a(x)=~(WC). If c=A.a+(1-A.)b, we have c(m)=A.a(m)+(1-A.)b(m) for all 
mE m. Therefore commutative Banach algebras have the above 
property. 
6. Connectedness 
Connectedness of Q doe& not imply that M(Q) is connected, as the 
examples of Banach algebras with disconnected sets of regular elements 
show 
Let U be a set either in A or in C. By definition the kernel of U is 
the set of all the points p E U with the property that for every q E U 
the segment {A.p+(1-A.)qJO,;;;;A.,;;;;1} CU. A set is called star-shaped if its 
kernel is not empty. 
Lem rna 6.1. If Q is star-shaped then M(Q) is star-shaped. 
Proof. If ex is in the kernel of Q then cxe is in the kernel of M(Q). 
For a(A.a+ (1-A.)cxe) = {A./3 + (1-A.)cxl/3 E a( a)}. 
Lemma 6.2. If there exists a schlicht function f mapping !21 onto !22 
then M(Q1) and M(Q2 ) are homeomorphic. 
Proof. Let F be the principal extension off, G the principal extension 
of j-1; then F and G are continuous. By Dunford's theorem on composite 
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functions (see [3], p. 171) we have that FoG is the identity on M(Q2) 
and Go F is the identity on M(Q1). From this it follows easily that F 
is a homeomorphism of M(QI) onto M(Q2 ). 
Theorem 6.1. If Q is a simply connected domain, then M(Q) IS a 
connected set. 
Proof. According to a well known theorem of Riemann there exists 
a schlicht function mapping Q onto an open disc E. So M(Q) and M(E) 
are homeomorphic by lemma 6.2. As E is star-shaped, M(E) is star-shaped 
(by lemma 6.1) and hence connected. So M(Q) is connected. 
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